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Abstract - A recently proposed space-time signal construc-
tionmethodthatcombinesorthogonaldesignwithspherepack-
ing, referred to here as (STBC-SP), has shown useful perfor-
mance improvements over Alamouti’s conventional orthogo-
nal design. As a further advance, non-binary LDPC codes
have been capable of attaining substantial performance im-
provements over their binary counterparts. In this paper, we
demonstrate that the performance of STBC-SP systems can be
further improved by concatenating sphere packing aided mod-
ulation with non-binary LDPC codes and performing symbol-
based turbo detection. We present simulation results for the
proposed scheme communicating over a correlated Rayleigh
fading channel. At a BER of 10
−6, the proposed symbol-
based turbo-detected STBC-SP scheme was capable of achiev-
ing a coding gain of approximately 26.6dB over the identical-
throughput1bit/symboluncodedSTBC-SPbenchmarkersche-
me. The proposed scheme also achieved a coding gain of ap-
proximately 3dB at a BER of 10
−6 over a recently proposed
bit-based turbo-detected STBC-SP benchmarker scheme.
1. INTRODUCTION
The adverse effects of channel fading may be signiﬁcantly reduced
by employing space-time coding invoking multiple antennas [1].
Alamouti [2] discovered an appealingly simple transmit diversity
scheme employing two transmit antennas. This low-complexity
design inspired Tarokh et al. [3,4] to generalise Alamouti’s trans-
mit diversity scheme using the principle of orthogonal design to
an arbitrary number of transmit antennas. Since then, the pursuit
of designing better space-time modulation schemes has attracted
considerable further attention [2]. The concept of combining or-
thogonal transmit diversity designs with the principle of sphere
packing was introduced by Su et al. in [5]. Orthogonal transmit
diversity designs can be described recursively [6] as follows. Let
G1(x1)=x1I1,a n d
G2k(x1,...,x k+1)
=
 
G2k−1(x1,...,x k) xk+1I2k−1
−x
∗
k+1I2k−1 G
H
2k−1(x1,...,x k)
 
,
for k =1 ,2,3,...,where x
∗
k+1 is the complex conjugate of xk+1,
G
H
2k−1(x1,...,x k) is the Hermitian of G2k−1(x1,...,x k) and
I2k−1 is a (2
k−1 ×2
k−1) identity matrix. Then, G2k(x1,x 2,...,
xk+1) constitutes an orthogonal design of size (2
k × 2
k), which
maps the complex variables representing (x1,x 2,...,x k+1) to
2
k transmit antennas. In other words, x1,x 2,...,x k+1 represent
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k+1complex modulated symbols to be transmitted from 2
k trans-
mit antennas in T =2
k time slots. It was shown in [5] that the
diversityproduct(codingadvantage
1)ofanorthogonaltransmitdi-
versity scheme is determined by the minimum Euclidean distance
of the vectors (x1,x 2,...,x k+1). Therefore, in order to max-
imise the achievable coding advantage, it was proposed in [5] to
use sphere packing schemes that have the best known minimum
Euclidean distance in the 2(k +1 ) -dimensional real-valued Eu-
clidean space R
2(k+1) [7]. The results of [5] demonstrated that
the proposed Sphere Packing (SP) aided Space-Time Block Coded
(STBC) system of Section 2, referred to here as STBC-SP, was ca-
pable of outperforming the conventional orthogonal design based
STBC schemes of [2,3].
The authors of [8] proposed a novel system that exploits the ad-
vantages of both iterative demapping and decoding [9] as well as
those of the STBC-SP scheme of [5]. The STBC-SP demapper
of [5] was modiﬁed in [8] for the sake of accepting the ap r i o r i
information passed to it from the channel decoder as extrinsic in-
formation.
Surprisingly, the family of Low Density Parity Check (LDPC)
codes originally devised by Gallager as early as 1963 [10] re-
mained more or less unexploited until after the discovery of turbo
codes in 1993 [11]. Since then, however, LDPC codes have ex-
perienced a renaissance [12] and attracted substantial research in-
terests. MacKay and Neal demonstrated in [13] that despite their
simple decoding structure, LDPC codes are also capable of operat-
ing near the channel capacity. Richardson [14] suggested the em-
ployment of a differential belief propagation decoding algorithm
for binary LDPC codes using the Fast Fourier Transform (FFT)
for reducing the decoding complexity imposed. In 1998, Davey
and MacKay proposed a non-binary version of LDPC codes [15],
whichwaspotentiallycapableofoutperformingbinaryLDPCcodes.
When using Richardson’s FFT-based decoding algorithm [14], the
complexity of non-binary LDPCs increases only linearly with re-
spect to the size of the associated Galois ﬁeld.
Motivated by the performance improvements reported in [5] and
[15], we propose a novel symbol-based iterative system that ex-
ploits the advantages of both non-binary LDPC codes [15] as well
as those of the STBC-SP scheme of [5]. Given a certain effective
throughput, our simulation results demonstrate that the proposed
turbo detection aided STBC-SP scheme is capable of providing
attractive performance improvements over established orthogonal
STBC designs, constituted by the STBC-SP scheme of [5] as well
as over the bit-based turbo-detected STBC-SP scheme of [8].
This paper is organised as follows. In Section 2, a brief descrip-
tion of orthogonal design with sphere packing modulation is pre-
1The diversity product or coding advantage was deﬁned as the esti-
mated gain over an uncoded system having the same diversity order as the
coded system [5].
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540sented, followed by a brief system overview in Section 3. Symbol-
based iterative decoding is described in Section 4. Simulation re-
sults and our discussions are provided in Section 5. Finally, we
conclude in Section 6.
2. ORTHOGONAL DESIGN WITH SPHERE PACKING
MODULATION
In this contribution, space-time systems employing two transmit
antennasareconsidered, wherethespace-timesignalisgivenby[2]
G2(x1,x 2)=
 
x1 x2
−x
∗
2 x
∗
1
 
, (1)
where the rows and columns of Equation (1) represent the tempo-
ral and spatial dimensions, corresponding to two consecutive time
slots and two transmit antennas, respectively. According to Alam-
outi’s design [2] for example, x1 and x2 represent conventional
BPSKmodulated symbolstransmitted in the1
st and 2
nd timeslots
and no effort is made to jointly design a signal constellation for the
various combinations of x1 and x2. For the sake of generalising
our treatment, let us assume that there are L legitimate space-time
signals G2(xl,1,x l,2), l =0 ,1,...,L− 1,w h e r eL represents
the number of sphere-packed modulated symbols. The transmitter,
then, has to choose the modulated signal from these L legitimate
symbols, which have to be transmitted over the two antennas in
two consecutive time slots, where the throughput of the system is
given by (log2L)/2 bits per channel use. In contrast to Alamouti’s
independent design of the two time slots’ signals, our aim is to de-
sign xl,1 and xl,2 jointly, such that they have the best minimum
Euclidean distance from all other (L − 1) legitimate transmitted
space-time signals, since this minimises the system’s error prob-
ability. Let (al,1,a l,2,a l,3,a l,4), l =0 ,1,...,L− 1, be pha-
sor points from the four-dimensional real-valued Euclidean space
R
4, where each of the four elements al,1,a l,2,a l,3,a l,4 gives one
coordinate of the two time-slots’ complex-valued phasor points.
Hence, xl,1 and xl,2 may be written as
{xl,1,x l,2} = T(al,1,a l,2,a l,3,a l,4)
=
 
al,1 + jal,2,a l,3 + jal,4
 
. (2)
In the four-dimensional real-valued Euclidean space R
4,t h el a t -
tice D4 is deﬁned as a sphere packing having the best minimum
Euclidean distance from all other (L − 1) legitimate constellation
points in R
4 [7]. More speciﬁcally, D4 may be deﬁned as a lattice
that consists of all legitimate sphere packed constellation points
having integer coordinates [a1 a2 a3 a4] uniquely and unambigu-
ously describing the legitimate combinations of the two time-slots’
modulated symbols in Alamouti’s scheme, but subjected to the
sphere packing constraint of a1 + a2 + a3 + a4 = k,w h e r ek
is an even integer. Assuming that S = {s
l =[ al,1,a l,2,a l,3,a l,4]
∈ R
4 : 0 ≤ l ≤ L − 1} constitutes a set of L legitimate con-
stellation points from the lattice D4 having a total energy of E
 
=  L−1
l=0 (|al,1|
2 +|al,2|
2 +|al,3|
2 +|al,4|
2), and upon introducing
the notation
Cl =
 
2L
E
G2(xl,1,x l,2),l =0 ,1,...,L− 1, (3)
wehaveasetofspace-timesignals, {Cl:0 ≤ l ≤ L−1}, whosedi-
versity product is determined by the minimum Euclidean distance
of the set of L legitimate constellation points in S.
3. SYSTEM OVERVIEW
The schematic of the entire system is shown in Figure 1. The
source bits are encoded by a non-binary LDPC encoder [15], and
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Figure 1: System schematic
eachLDPCencodedsymbolismappedtothecorrespondingsphere
packing modulated symbol s
l ∈ S, 0 ≤ l ≤ L − 1.T h e r e
is a natural one-to-one mapping between the non-binary LDPC
code used and the non-binary sphere-packing scheme, allowing us
to create purely symbol-based system. The STBC encoder then
maps the sphere packing modulated symbol s
l to a space-time
signal Cl =
 
2L
E G2(xl,1,x l,2), 0 ≤ l ≤ L − 1, using Equa-
tion (2). Subsequently, each sphere-packed space-time coded sym-
bol is transmitted over T =2time slots using two transmit anten-
nas, as shown in Equation (1).
In this treatise, we considered a correlated narrowband Rayleigh
fading channel, associated with a normalised Doppler frequency
of fD =0 .1. The complex fading envelope is assumed to be con-
stant across the transmission period of a sphere-packed space-time
coded symbol spanning T =2time slots. The complex Addi-
tive White Gaussian Noise (AWGN) of n = nI + jnQ is also
added to the received signal, where nI and nQ are two indepen-
dent zero mean Gaussian random variables having a variance of
σ
2
n = σ
2
nI = σ
2
nQ = N0/2 per dimension, with N0/2 repre-
senting the double-sided noise power spectral density expressed in
W/Hz.
As shown in Figure 1, the received complex-valued symbols are
ﬁrst decoded by the STBC decoder to produce a received sphere-
packed symbol r, which is fed into the sphere packing demapper,
where the soft-metric Q(sk) is calculated. More explicitly, the
notation Q(sk) represents the soft metric passed from the sphere
packingdemappertotheLDPCdecoderbasedonthesymbolprob-
ability of the k
th symbol of the LDPC codeword. As seen in Fig-
ure 1, these soft-metrics are passed as a-priori information to the
LDPC decoder, which carries out a speciﬁed number of LDPC it-
erations and produces the decoded a-posteriori probability D.
Based on the a-posteriori probability, a tentative hard decision
will be made and the resultant codeword will be checked by the
LDPC code’s parity check matrix. If the resultant vector is an all-
zero sequence, then a legitimate codeword has been found, and
the hard-decision based sequence will be output. Otherwise, if the
maximum affordable number of iterations has not been reached,
the a-priori information, Q, is removed from the a-posteriori
probability denoted by D using symbol-based element-wise divi-
sion, as will be shown in Section 4, and fed back to the demodula-
tor for the next iteration, as seen in Figure 1. This process contin-
ues, until the affordable maximum number of iterations has been
encountered or a legitimate codeword has been found.
5414. SYMBOL-BASED ITERATIVE LDPC AND
SPHERE-PACKING DECODING
For the sake of simplicity, a system having a single receive antenna
is considered, although its extension to systems having more than
one receive antenna is straightforward. Assuming perfect channel
estimation, the complex-valued channel output symbols received
during two consecutive time slots are ﬁrst diversity-combined in
order to extract the estimates ˜ x1 and ˜ x2 of the most likely trans-
mitted symbols xl,1 and xl,2 [2][1, pp.400 − 401], resulting in
˜ x1 =( |h1|
2 + |h2|
2) · xl,1 +´ w (4)
˜ x2 =( |h1|
2 + |h2|
2) · xl,2 +´ w, (5)
where h1 and h2 represent the Channel Impulse Response (CIR)
corresponding to the ﬁrst and second transmit antennas, respec-
tively, and ´ w is a zero-mean complex Gaussian random variable
with variance σ
2
´ w =( |h1|
2 + |h2|
2) · σ
2
n. A received sphere-
packed symbol r is then constructed from the estimates ˜ x1 and ˜ x2
using Equation (2) as
r = T
−1(˜ x1, ˜ x2), (6)
where r = {[˜ a1, ˜ a2, ˜ a3, ˜ a4] ∈ R
4}. The received sphere-packed
symbol r can be written as
r = h ·
 
2L
E
· s
l + w, (7)
where h =( |h1|
2 + |h2|
2), s
l ∈ S, 0 ≤ l ≤ L − 1,a n dw
is a four-dimensional Gaussian random variable having a variance
of σ
2
w = σ
2
´ w = h · σ
2
n, since the symbol constellation S is four-
dimensional. Additionally, there is a one-to-one mapping between
l and the elements from the GF(q) of the non-binary LDPC code,
such that L = q. According to Equation (7), the conditional PDF
P(r|s
l) is given by
P(r|s
l)=
1
(2πσ2
w)
ND
2
e
− 1
2σ2
w
(r−α·sl)2
,
=
1
(2πσ2
w)
ND
2
e
− 1
2σ2
w
 
 4
i=1(˜ ai−α·al,i)2
 
, (8)
wherewehaveα = h·
 
2L
E andND =4 , sinceafour-dimensional
sphere-packed symbol constellation is used.
Similarly, the conditional PDF P(s
l|r) is given by
P(s
l|r)=
P(r|s
l) · P(s
l)
P(r)
, (9)
Assuming that the LDPC codeword consists of KG F(q) sym-
bols, the sphere packing demapper of Figure 1 will process K re-
ceived sphere-packed symbols, (r0,r 1,...,r K−1), at a time to
produce the following soft-metric (K × L) matrix using Equation
(9)
Q =
 
Q(s0) Q(s1) ··· Q(sK−1)
 T , (10)
where,
Q(sk)
=
 
P(sk = s
0|rk) P(sk = s
1|rk) ··· P(sk = s
L−1|rk)
 
,
(11)
for k =0 ,1,...,K− 1. All the probabilities corresponding to a
speciﬁc row in Q, which correspond to a speciﬁc received symbol,
should be normalised so that they sum up to unity. During the ﬁrst
iteration, P(s
l), 0 ≤ l ≤ L − 1, in Equation (9) has to be set to
1/q,s i n c en oa-priori information is yet available from the LDPC
decoder.
The soft-metric matrix Q of Equation (10) is then fed into the
LDPC decoder of Figure 1, as a-priori knowledge, which pro-
ducesadecodeda-posterioriprobability matrix, D,o fs i z e( K×
L). The a-priori knowledge fed into the LDPC decoder of Figure
1 is removed from the decoded a-posteriori probability matrix,
D, by symbol-based element-wise division [16] for the sake of
passing over the extrinsic information back to the sphere packing
demapper for further iterations as alluded to before. More speciﬁ-
cally, the following (K ×L) extrinsic information matrix is con-
structed
E =



 

P(s0 = s
0) P(s0 = s
1) ··· P(s0 = s
L−1)
P(s1 = s
0) P(s1 = s
1) ··· P(s1 = s
L−1)
. . .
. . .
...
. . .
P(sK−1 = s
0) P(sK−1 = s
1) ··· P(sK−1 = s
L−1)



 

(12)
where we have
P(sk = s
l)=
d
l
k
ql
k
, 0 ≤ l ≤ L − 1 and 0 ≤ k ≤ K − 1,
(13)
and d
l
k as well as q
l
k refer to the elements at the cross-over point
of the k
th row and l
th column of matrices D and Q, respec-
tively. Again, the probabilities corresponding to a speciﬁc row of
E should be normalised so that they add up to unity. The STBC-
SP demapper exploits the extrinsic information, E, for the sake
of providing an improved soft-metric, Q, which is passed to the
LDPC decoder of Figure 1 for further iterations, until a legitimate
codeword is found or the affordable maximum number of itera-
tions has been exhausted.
5. RESULTS AND DISCUSSION
Without loss of generality, we considered a sphere packing mod-
ulation scheme associated with L =1 6using two transmit and
a single receiver antenna in order to demonstrate the performance
improvements achieved by the proposed system. All simulation
parameters are listed in Table 1.
Since the space-time signal, which is constructed from an or-
thogonal design using the sphere packing scheme of Equation (3)
ismultipliedbyafactorthatisinverselyproportionalto
√
E, namely
by
 
2L
E , it is desirable to choose a speciﬁc subset of L =1 6
points from the entire set of legitimate constellation points hosted
by D4, which results in the minimum total energy. It was shown
in [7] that there is a total of 24 legitimate symbols
2 hosted by D4
having an identical minimum energy of E =2 . We used a com-
puter search for determining the optimum choice of the L =1 6
pointsoutofthepossible24points, whichpossessthehighestmin-
imum Euclidean distance, hence minimising the error probability.
Figure 2 compares the performance of the proposed symbol-
based non-binary LDPC-coded STBC-SP scheme against that of
an identical-throughput 1 Bit Per Symbol (1BPS) uncoded STBC-
SP scheme [5], to the conventional orthogonal STBC design based
[2,3] schemes and against a recently proposed bit-based convolut-
ional-coded turbo-detected STBC-SP scheme [8]. These com-
parison were carried out when communicating over a correlated
2In simple terms, the sphere centred at (0,0,0,0)h a s24 spheres
around it, centred at the points (+/ − 1,+/ − 1,0,0), where any choice
of signs and any ordering of the coordinates is legitimate [7,p .9].
542Modulation Sphere Packing with L =1 6
No. of Transmitters 2
No. of Receivers 1
Channel Correlated Rayleigh Fading
Normalised Doppler
frequency 0.1
Average LDPC
column weight 2.5
LDPC coding rate 0.5
LDPC decoding ﬁeld GF(16)
System throughput 1 bit/symbol
Coded Blocklength 6000 bits
Table 1: System parameters
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Figure 2: Performance comparison of various symbol-based non-binary
LDPC-coded STBC-SP schemes in conjunction with the parameters listed
in Table 1 against an identical-throughput 1BPS uncoded STBC-SP
scheme [5], Alamouti’s conventional G2-BPSK scheme [2] and against
bit-based convolutional-coded STBC-SP schemes [8] employing Gray
Mapping (GM) and Anti-Gray Mapping (AGM), when communicating
over a correlated Rayleigh fading channel having fD =0 .1.
Rayleigh fading channel having a normalised Doppler frequency
of fD =0 .1 and using the simulation parameters listed in Table 1.
More explicitly, Figure 2 demonstrates that a coding advantage of
about 26.6dB was achieved at a BER of 10
−6 by the symbol-
based non-binary LDPC-coded STBC-SP scheme over both the
uncoded STBC-SP [5] and the conventional orthogonal STBC de-
sign based [2,3] schemes for transmission over the correlated Ray-
leigh fading channel considered. Additionally, a coding advantage
of approximately 5dB and 3dB were attained over the recently
proposed 1BPS-throughput convolutional-coded bit-based STBC-
SP schemes [8] employing Gray Mapping (GM) and Anti-Gray
Mapping (AGM) [9], respectively.
Figure 3 compares the performance of the proposed scheme
when ILDPC =3LDPC iterations are used in conjunction with
variousnumbersofjointiterationsagainstboththatofanidentical-
throughput1BitPerSymbol(1BPS)uncodedSTBC-SPscheme[5],
conventional orthogonal STBC design based [2,3] schemes and
thebit-basedconvolutional-codedturbo-detectedSTBC-SPscheme
of [8], when communicating over a correlated Rayleigh fading
channel having a normalised Doppler frequency of fD =0 .1 and
using the simulation parameters listed in Table 1. It is evident from
Figure 3 that no signiﬁcant coding gain is attained after encoun-
tering Ijoint =2or 3 joint iterations, when using ILDPC =3
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Figure 3: Performance comparison of symbol-based non-binary LDPC-
coded STBC-SP schemes using a ﬁxed number of LDPC iterations and
various numbers of joint iterations against both an identical-throughput
1BPS uncoded STBC-SP scheme [5], Alamouti’s conventional G2-
BPSK scheme [2] and against bit-based convolutional-coded STBC-SP
schemes [8] employing Gray Mapping (GM) and Anti-Gray Mapping
(AGM), when communicating over a correlated Rayleigh fading channel
having fD =0 .1.
LDPC iterations. Similarly, Figure 4 compares the performance of
the proposed scheme against all schemes considered in Figure 3,
when a maximum of Ijoint =3joint iterations are encountered in
conjunctionwithvariousnumbersofLDPCiterations. Incontrast
to the observation made in the context of Figure 3, considerable
performance improvements can be attained, when using a speciﬁc
maximum number of joint iterations, by increasing the number of
inner LDPC iterations, as illustrated in Figure 4.
Figure 5 shows the achievable coding gain of various symbol-
based non-binary LDPC-coded STBC-SP schemes in conjunction
with different combinations of external joint and internal LDPC
iterations, as compared to both the identical-throughput 1BPS un-
coded STBC-SP scheme of [5] and to Alamouti’s conventional
G2-BPSKscheme[2], whencommunicatingoveracorrelatedRay-
leigh fading channel having fD =0 .1. The horizontal dotted
line corresponds to the coding gain of the bit-based convolutional-
coded STBC-SP scheme of [8] employing anti-Gray mapping
and after I =1 0iterations as compared to both the identical-
throughput 1BPS uncoded STBC-SP scheme of [5] and to Alam-
outi’s conventional G2-BPSK scheme [2]. It can be observed from
Figure 5 that a considerable coding gain can be obtained at a spe-
ciﬁc number of external joint iterations upon increasing the num-
ber of LDPC iterations. This statement is valid even for a high
number of external joint iterations. For example, it is illustrated
in Figure 5 that a coding gain advantage of about 4dB can be at-
tained Ijoint =1 0joint iterations upon increasing the number of
LDPC iterations from ILDPC =1to 20. However, the attainable
coding gain improvement becomes less signiﬁcant, when the num-
ber of external joint iterations is increased, while maintaining the
number of inner LDPC iterations, especially when ILDPC =3or
more LDPC iterations are used. This leads to a general design rule
of thumb for the proposed scheme, which implies that no more
than Ijoint =3joint iterations are recommended, since it is more
beneﬁcial to increase the number of LDPC iterations for the sake
of maximising the attainable performance.
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Figure 4: Performance comparison of symbol-based non-binary LDPC-
coded STBC-SP schemes using a ﬁxed number of joint iterations and var-
ious numbers of LDPC iterations against both an identical-throughput
1BPS uncoded STBC-SP scheme [5], Alamouti’s conventional G2-
BPSK scheme [2] and against bit-based convolutional-coded STBC-SP
schemes [8] employing Gray Mapping (GM) and Anti-Gray Mapping
(AGM), when communicating over a correlated Rayleigh fading channel
having fD =0 .1.
6. CONCLUSION
In this paper we proposed a novel symbol-based iterative system
that exploits the advantages of both non-binary LDPC codes [15]
as well as those of the STBC-SP scheme of [5]. Our investi-
gations demonstrated that signiﬁcant performance improvements
may be achieved by the proposed scheme over established orthog-
onal STBC designs, constituted by the STBC-SP scheme of [5] as
well as over the bit-based turbo-detected STBC-SP scheme of [8].
The achievable performance was also investigated by illustrating
the coding gain attained, when different combinations of external
joint and internal LDPC iterations are used. Our future research
includes the use of a rate-1 inner precoder [17,18] and the em-
ployment of symbol-based Extrinsic Information Transfer (EXIT)
Charts [16] to ﬁnd more beneﬁcial LDPC generator matrices that
may lead to lower required Eb/N0 values. Additionally, another
novel scheme is currently investigated that employs the bit-based
turbo-detected STBC-SP scheme of [8] as an inner code, while the
non-binary LDPC is incorporated as an outer code and performing
symbol-based outer iterative decoding and bit-based inner turbo-
detection in conjunction with iterative demapping.
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